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Abstract
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I. INTRODUCTION
General relativity is a non-linear theory. A linearized approximation to the theory can be
obtained in by considering the gravitational field to be so weak that the space-time metric
can be considered as a background metric plus a perturbation [1]. Einstein’s equation turns
out to be a linear second order equation in the perturbation.
Another formulation of general relativity uses tetrads and spin connections instead of
metric and Christoffel symbols. In this formulation, an internal Minkowski space is attached
to each point of space-time, isomorphic to the tangent space of the space-time manifold at
that point. Linear isomorphisms between the tangent space and the internal space are given
by tetrads, also known as vierbeins. Any connection on this bundle, called a spin connection,
gives the parallel transport of the sections of the internal space. The curvature of this
connection is related to the space-time curvature, which allows us to write the Einstein-
Hilbert action of general relativity in terms of the tetrads and the spin connection. This
formulation is known as vierbein-Einstein-Palatani (VEP) formalism [2–4]. In this paper we
find the weak field limit of the VEP action and equations.
The idea of perturbing the vierbein is not a new one (a representative list is [5–12]),
but our paper differs from earlier work in an important manner. In all papers dealing with
vierbein perturbations that we have been able to find, the perturbations were considered
around a flat background spacetime. The background spacetime and the internal Lorentz
space are then identical, and as a result the background tetrad can be written as a Kronecker
delta , eIµ = δ
I
µ. Furthermore, the background connection is then trivially flat and torsion-
free, which means no attention is paid to the independent nature of the spin connection. This
paper is different from earlier work in both ways – we assume a general curved background
and an independent spin connection, so tetrad fields are not constant, while the absence
of torsion is implemented by the equations of motion for the spin connection only in the
absence of fermionic matter. When fermions are coupled to the spin connection, torsion
remains as a part of the spin connection, and the latter cannot be completely eliminated
from the perturbation equations. As far as we are aware, this is the first work to write
down tetrad perturbation equations on an arbitrary curved background, and in presence of
torsion. While gravity with torsion has a long history (see [13–17] for some recent work
which are close to our work in spirit), we find perturbation equations for tetrads and spin
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connection, and write the torsion in terms of these variables.
Another motivation for looking at vierbein perturbations is to investigate massive grav-
ity [18–24] in this formalism. Supernova data [25, 26] reveal that the universe is in a phase of
accelerated expansion, which can be explained by positing a dark energy component along
with matter and dark matter in cosmological models based on general relativity. Dark en-
ergy is most simply modeled by the addition of a constant term, called the cosmological
constant, in general relativity. However, there is no convincing model for the cosmological
constant itself, which looks like a vacuum energy density, but the value of the cosmological
constant differs from the value obtained from the vacuum energy in quantum field theory [27]
by a factor of ∼ 1065. An alternative suggestion is that general relativity itself is modified
in the infrared which may remove the need for dark energy to explain the acceleration. One
particular infrared modification of general relativity is one with massive gravitons, i.e. one
where metric perturbations obey a massive wave equation.
The story of massive gravity goes back a long way. Fierz and Pauli [28, 29] proposed
an action that describes a free massive graviton on a flat background. The Fierz-Pauli
equations are linear in the metric perturbation, but it was shown later that the massless
equation cannot be reached by a continuous limiting procedure [30, 31]. The problem seemed
to lie in the linearization procedure [32], but it was soon shown that any non-linear version
introduces ghost instability [33]. Since then there have been several attempts to find a
consistent theory of massive gravity and significant progress has been made recently, using
a bimetric formulation [34–44]. An important building block of these constructions is a
matrix of the form
√
g−1f , where g is the metric and f is the auxiliary metric, and the
square root is defined so that
√
g−1f
√
g−1f = g−1f . It is this ‘square root of metric’
that hints at a possible reformulation in terms of tetrads, since the metric is related to the
tetrads by gµν = e
I
µe
J
νηIJ . The tetrad formulations of bimetric gravity that are available
in the literature has two sets of tetrads, one of which acts as an auxiliary tetrad and the
other is the dynamical one. As in the case of tetrad perturbations, the auxiliary tetrad is
usually taken to be the Kronecker delta, and the torsion is ignored. One may expect that
in the bi-tetrad formulation of the full theory of massive gravity the auxiliary tetrad will
correspond to an arbitrary background, including torsion.
This paper is, however, somewhat less ambitious. Here we consider classical perturba-
tions of gravity in the VEP formalism, and then construct the Fierz-Pauli equation, and
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the corresponding action, in terms of these perturbations. It should be mentioned that
while the vierbein formulation of bimetric massive gravity has also received some attention
recently [6, 11, 12], our approach cannot be directly compared to these theories, again be-
cause the mass term in this paper is written for perturbations around an arbitrary curved
background. We note that bimetric gravity for an arbitrary background metric has been
investigated recently [22, 23], although not in the vierbein formalism, and perturbations
were not considered. It may be expected that linearization of that formulation, in terms of
tetrads, can be related to what we find below. We leave a careful comparison, as well as an
investigation into ghost degrees of freedom in this formalism, for future work.
Let us briefly recapitulate the formalism of metric perturbation theory. In this, the space-
time metric is written as a background metric plus a perturbation. Often we are interested
in a flat background, in which case
gµν = ηµν + hµν , (1.1)
with |hµν | ≪ 1 for each component. The inverse is given by
gµν = ηµν − hµν , (1.2)
where all indices are raised and lowered with η .
The linearized Riemann and Ricci tensors, and the Ricci scalar, are thus
Rµνρσ = ∂ρ∂νhµσ + ∂σ∂µhνρ − ∂σ∂νhµρ − ∂ρ∂µhνσ , (1.3)
Rµν =
1
2
[
∂σ∂νh
σ
µ + ∂σ∂µh
σ
ν − ∂µ∂νh−hµν
]
, (1.4)
R = ∂ρ∂σh
ρσ −h , (1.5)
where h is the trace of the perturbation, h = ηµνhµν . The linearized Einstein equation in
vacuum follows from these,
1
2
[∂σ∂νh
σ
µ + ∂σ∂µh
σ
ν − ∂µ∂νh−hµν − ηµν∂ρ∂σhρσ + ηµνh] = 8piGTµν , (1.6)
which is the linearized form of Gµν = 8piGTµν . Usually we are concerned with the vacuum
equation, Gµν = 0 . The linearized version written above is for a special situation where
we have taken the background to be flat. We will consider perturbations around a general
curved background. Then let us denote the background metric by g¯µν so that the total
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metric is written as gµν = g¯µν + hµν . Then the Christoffel symbol is
Γαµν = Γ¯
α
µν −
1
2
hαλ [∂µg¯λν + ∂ν g¯µλ − ∂λg¯µν ] + 1
2
g¯αλ [∂µhλν + ∂νhµλ − ∂λhµν ] +O(h2), (1.7)
where now the indices are lowered and raised by g¯µν and its inverse g¯
µν , respectively, and
quantities pertaining to the background are denoted by a bar.
By calculating the Einstein tensor using these Christoffel symbols, we can write the
Einstein equations for an arbitrary background,
R¯µν − 1
2
(
g¯µν g¯
αβ + hµν g¯
αβ − g¯µνhαβ
)
R¯αβ +R
1
µν −
1
2
g¯µν g¯
αβR1αβ = 8piGTµν , (1.8)
where the Ricci tensor R¯µν is derived from the background metric g¯µν , and the quantity R
1
µν
is the part of the Ricci tensor linear in h . This equation, however, contains the background
equation R¯µν− 12 g¯µνR¯ = 8piGT¯µν which needs to be eliminated. Note that if the stress-energy
tensor is calculated from a matter action by varying the metric, Tµν and T¯µν are not equal
in general. Thus we can finally write the equation for gravitational perturbations as
1
2
(
g¯µνh
αβ − hµν g¯αβ
)
R¯αβ +R
1
µν −
1
2
g¯µν g¯
αβR1αβ = 8piG
(
Tµν − T¯µν
)
. (1.9)
In this paper we will consider the VEP formulation of Einstein gravity, and find the tetrad
equivalent of the linearized Einstein’s equation. We will consider perturbations on a general
curved background, and treat the perturbations of tetrads and spin connection indepen-
dently. When the background spacetime is flat, we recover the standard tetrad perturbation
equations. The paper is organized in the following way. In Sec. II we briefly recall the
VEP formulation of gravity, to fix the notation and conventions. In Sec. III we find the
equations for small perturbations of the vierbein around an arbitrary background space-
time with matter. In Sec. IV we consider different fields as matter source. In particular,
we find that for the real scalar field and the electromagneic field the perturbation equations
can be written purely in terms of the vierbein perturbations. For a fermionic field on the
other hand, there is a torsion component to the spin connection, so the latter cannot be
eliminated from the perturbation equations. Finally in Sec. V we write a mass term for
the vierbein perturbations, leading to the Fierz-Pauli equation and its generalization for a
curved background.
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II. VIERBEIN-EINSTEIN-PALATINI FORMALISM
In the vierbein-Einstein-Palatini formalism, the variables for gravity are the vierbein or
tetrads eIµ , and the spin connection A
IJ
µ . We will denote space-time indices by lowercase
Greek letters and internal indices by uppercase Roman letters. The internal space is a 4-
dimensional flat space with metric ηIJ = (−1, 1, 1, 1) attached to each point of space-time.
Raising and lowering of the internal indices are done by η , while space-time indices are
raised and lowered by the space-time metric g , which is also of signature (− + ++) . The
tetrads are defined to be orthonormal,
gµνeIµe
J
ν = η
IJ , (2.1)
which we can rewrite as
eIµe
µ
J = δ
I
J , e
µ
I e
I
ν = δ
µ
ν , (2.2)
identifying eµI ≡ ηIJgµνeJν as the co-tetrad. It is easy to see that the determinants are related
by |e| = √−g.
A connection D on this bundle is defined by its action on any smooth section S,
DµS
I = ∂µS
I + AIµJS
J , (2.3)
where AIµJ are the components of what is called the spin connection. It follows from definition
that AIJµ is antisymmetric,
0 = Dµη
IJ = ∂µη
IJ − AIµKηKJ − AJµKηIK
⇒ AIJµ = −AJIµ . (2.4)
The curvature of D can be written as
F IJµν = [Dµ , Dν ]
IJ
= ∂µA
IJ
ν − ∂νAIJµ + AIµKAKJν − AIνKAKJν
= ∂µA
IJ
ν − ∂νAIJµ + [Aµ, Aν ]IJ . (2.5)
In order to write the connection on space-time, we define a set of Christoffel symbols
Γαµν = e
α
I ∂µe
I
ν + A
I
µJe
J
ν e
α
I . (2.6)
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This leads to a metric-compatible connection, as we see from the following calculation,
∇αgµν = ∂αgµν − Γβαµgβν − Γβανgµβ
= η
IJ
∂α(e
I
µe
J
ν )− ηIJeJν∂αeIµ − ηIJeIµ∂αeJν − AIαJηILeJµeLν − AIαJηKIeJν eKµ
= −AIJα eJµeIν −AIJα eJνeIµ = 0 , (2.7)
where we have used the antisymmetry of the spin-connection A in the last step.
We can now calculate the Riemann tensor in terms of the tetrads and the spin connection,
Rρσµν = F
I
µνJe
ρ
Ie
J
σ , (2.8)
thereby getting the Ricci tensor and Ricci scalar respectively as
Rσν = F
I
µνJe
µ
I e
J
σ , (2.9)
R = F IJµν e
µ
I e
ν
J . (2.10)
In the Einstein-Hilbert action for gravity, we replace the Ricci scalar by Eq. (2.10), and the
metric determinant by that of tetrads, to write the action as
S[e, A] =
∫
M
|e|d4xF IJµν eµI eνJ . (2.11)
This action is extremized under variations of the vierbein eµI , keeping A
I
µJ fixed. Variation
of the determinant gives
δ|e| = −|e| eIµδeµI . (2.12)
Using the antisymmetry of F IJµν , we can then derive the field equations quite easily,
2F IJλν e
λ
I − eJνFKLρσ eρKeσL = 0. (2.13)
Contracting with eµJ , and using Eq. (2.9), we get the familiar form
Rµν − 1
2
gµνR = 0. (2.14)
This equation would be the vacuum Einstein equation if we could show that ∇ is torsion
free, i.e., if Γαµν is symmetric in µ, ν. For this purpose, we vary the action of Eq. (2.11) again,
but this time with respect to the spin connection AIµJ , keeping the vierbein fixed. To do
this we first simplify the action using the antisymmetry of the spin connection,
S[e, A] =
∫
|e|d4x (2∂µAIJν eµI eνJ + [Aµ, Aν ]IJeµI eνJ) . (2.15)
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Variation with respect to AIJν produces the equation
− eαK(∂µeKα )eµI eνJ − (∂µeµI )eνJ − eµI (∂µeνJ) + AKµIeµKeνJ −AKµIeµJeνK = 0. (2.16)
In order to identify Γ in this equation, we contract with eIρe
J
λ ,
− eαK(∂ρeKα )δνλ − (eIρ∂µeµI )δνλ − (eJλ∂ρeνJ) + AKµIeµKeIρδνλ − AKλIeIρeνK = 0 . (2.17)
Antisymmetrising in ρ , λ and using the expression Eq. (2.6) for Γ , we get
δνλ(Γ
α
αρ − Γαρα) + δνρ(Γαλα − Γααλ) + Γνρλ − Γνλρ = 0 , (2.18)
whose trace produces Γααρ − Γαρα = 0 . Putting this back into Eq. (2.18) gives the desired
equation,
Γνρλ = Γ
ν
λρ . (2.19)
Thus we can identify ∇ as the unique metric-compatible torsion-free connection on the
space-time. Although in usual General Relativity the torsion-free condition is imposed a
priori, in the VEP formulation only metric-compatibility follows from the definition of Γ ;
the torsion-free condition comes from the equations of motion. Thus we can now identify
Eq. (2.14) with Einstein’s equations in vacuum.
Once the connection has been identified as torsion-free, the spin connection becomes
expressible as a function of tetrads,
AIJµ =
1
2
eαIeβJeK[α∂µe
K
β] , (2.20)
using the definition of Γ.
So far we have considered the vacuum equations. In presence of matter, the total VEP
action reads
STotal =
1
16piG
∫
|e|d4xF IJµν eµI eνJ + SM , (2.21)
where SM =
∫ |e|d4xLM is the action for the matter. The total VEP equation, obtained by
variation with respect to the tetrad, is then
F IJαµe
α
I −
1
2
eJµF
KL
αβ e
α
Ke
β
L = 8piGTµαe
αJ , (2.22)
where Tµα is the usual energy-momentum tensor for the matter. As before, we can contract
this equation with the tetrad to obtain the familiar form, Gµν = 8piGTµν . However, the
8
inclusion of matter dictates whether the spin connection can be expressed entirely in terms
of tetrads. More precisely, if the Lagrangian of the matter field contains the spin connection,
we get a nonvanishing quantity on the right-hand side of Eq. (2.16) and thus the torsion-free
condition is not obtained. This happens in particular in case of fermionic matter, for which
torsion remains an independent entity, as does the spin connection.
III. VEP PERTURBATIONS
The spin connection is expressible in terms of the tetrad in the absence of matter, in par-
ticular fermionic matter, as Eq. (2.20) relies crucially on the connection being torsion-free,
which in this formalism follows from the matter action being independent of the spin con-
nection AIJµ . Thus we can relate the spin connection to the tetrad when the spin connection
does not couple to matter.
However, perturbations of tetrad and spin connection around some background solution
of the equations of motion should be considered as independent objects. This is because
perturbations are off-shell objects a priori and need not satisfy the same equations as the
background solutions, and even the background tetrad and spin connection cannot be related
when there is a fermionic energy-momentum density on the background space-time.
We write the tetrad eµI as a sum of the background and perturbation,
e
µ
I = e¯
µ
I + f
µ
I , (3.1)
where fµI is much smaller than e¯
µ
I (more precisely, Tr(e¯
I
µf
µ
I )≪ 1) . As before, we will denote
background quantities by a bar on top. In order to calculate the co-tetrads, we use their
definition eµI e
I
ν = δ
µ
ν = e¯
µ
I e¯
I
ν , where the internal index is raised and lowered with ηIJ as
before. Thus we find
eIµ = e¯
I
µ − e¯Jµe¯IαfαJ . (3.2)
We will often denote −e¯Jµe¯IαfαJ as f˜ Iµ . The space-time indices will be raised and lowered by
the total space-time metric gµν = e
I
µeIν when needed. By writing the background metric as
g¯µν = e¯
I
µe¯Iν , we can identify the metric perturbation hµν in terms of the background tetrad
e¯Iµ and the tetrad perturbation f˜
I
µ as
hµν = e¯Iµf˜
I
ν + e¯Iν f˜
I
µ . (3.3)
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The background now is any general space-time, not necessarily flat. Let us also write the
spin connection as a sum of its value in the background space-time and a perturbation,
AIJµ = A¯
IJ
µ + a
IJ
µ . (3.4)
However, since all components A¯IJµ of the background spin connection may vanish, it is not
sensible to treat aIJµ as small perturbation. In particular, we will not neglect terms quadratic
in aIJµ when calculating the action. Thus we calculate the Christoffel symbols up to first
order in the perturbation f as
Γαµν = Γ¯
α
µν + e¯
α
I ∂µf˜
I
ν + f
α
I ∂µe¯
I
ν + A¯
IJ
µ e¯
J
νf
α
I + a
IJ
µ e¯
J
ν f
α
I + a
IJ
µ e¯
α
I f˜
J
ν . (3.5)
Here Γ¯ corresponds to the background space-time,
Γ¯αµν = e¯
α
I ∂µe¯
I
ν + A¯
I
µJ e¯
J
ν e¯
α
I . (3.6)
Let us also write the curvature in terms of A¯ and a ,
F IJµν = F¯
IJ
µν + F IJµν , (3.7)
where F¯ is the background curvature and F , the extra part due to perturbation, can be
written in the form
F IJµν = D¯µaIJν − D¯νaIJµ + [aµ, aν ]IJ , (3.8)
with D¯ being the covariant derivative corresponding to the background spin connection A¯ .
The perturbed VEP action is thus
S =
1
16piG
∫
|e| d4x [F IJµν e¯µI e¯νJ + 2F IJµν e¯µI f νJ + F IJµν fµI f νJ ]+ SM . (3.9)
The determinant |e| ≡ |e¯Iµ + f˜ Iµ | is now a polynomial in f . The lowest order field equations
will be of first order in f . The variation of the determinant produces
δ|e| = −|e|(e¯Kα + f˜Kα )δfαK , (3.10)
using which we obtain field equations by varying the VEP action of Eq. (3.9),
(F¯ IJαµ + F IJαµ)(e¯αI + fαI )−
1
2
(e¯Jµ + f˜
J
µ )(F¯
IJ
αβ + F IJαβ)(e¯αK + fαK)(e¯βL + fβL) = 8piGTµνeνJ . (3.11)
Of course, we could have obtained these directly from Eq. (2.22) by replacing e → e¯ + f˜
and A → A¯ + a . However, it is useful to construct the action for the perturbations, as we
will later consider matter couplings and a tetrad version of Fierz-Pauli equations.
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Subtracting the VEP equation for the background, we get the equation of motion for the
VEP perturbations,
F¯ IJαµf
α
I −
1
2
F¯KLαβ
[
f˜Jµ e¯
α
K e¯
β
L + 2e¯
J
µf
α
K e¯
β
L
]
+ F IJαµ (e¯αI + fαI )
−1
2
FKLαβ
[
e¯Jµe¯
α
K e¯
β
L + f˜
J
µ e¯
α
K e¯
β
L + 2e¯
J
µf
α
K e¯
β
L
]
= 8piG
(
Tµνe
νJ − T¯µν e¯νJ
)
. (3.12)
This is a generic equation in the sense that we have not considered any particular back-
ground, or required that the background be flat, so this is the equation of perturbations
around a general background space-time. In order to compare this equation with the met-
ric perturbation equations of Eq. (1.9), let us consider some specific types of matter field
theories. Whether or not the perturbation of the spin connection depends on tetrads relies
entirely on the type of field considered. For non-fermionic matter, we will be able to use
Eq. (2.20) for the spin connection and thus write Eq. (3.12) in terms of the tetrad and
its perturbation. Let us investigate the VEP equation with scalar, electromagnetic and
fermionic fields as examples of background matter.
IV. VEP EQUATION WITH MATTER FIELDS
A. Scalar field
The action for a massive real scalar field φ is
SM =
∫
|e|d4x
[
−1
2
∇µφ∇µφ− 1
2
m2φ2
]
. (4.1)
The equation for the background vierbein with this matter field is given by
F¯ IJαµ e¯
α
I −
1
2
e¯JµF¯
KL
αβ e¯
α
K e¯
β
L = 8piG
[
∇µφ∇νφ− 1
2
e¯Iµe¯νI
(
e¯αJ e¯
βJ∇αφ∇βφ+m2φ2
)]
e¯νJ . (4.2)
The right-hand side of this equation contains the background energy-momentum tensor of
the field. Taking the trace of the equation by contraction with e¯µJ , and then eliminating the
trace, the equation can be written as
F¯ IJαµ e¯
α
I = 8piG
[
∇µφ∇αφe¯αJ + 1
2
m2e¯Jµφ
2
]
. (4.3)
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For the massive scalar field, the VEP equation for vierbein perturbation, Eq. (3.12), can
be written as
F¯ IJαµf
α
I −
1
2
F¯KLαβ
[
f˜Jµ e¯
α
K e¯
β
L + 2e¯
J
µf
α
K e¯
β
L
]
+ F IJαµ (e¯αI + fαI )
− 1
2
FKLαβ
[
e¯Jµe¯
α
K e¯
β
L + f˜
J
µ e¯
α
K e¯
β
L + 2e¯
J
µf
α
K e¯
β
L
]
= −4piG
[(
f˜Jµ e¯
α
K e¯
βK + 2e¯Jµe¯
α
Kf
βK
)
∇αφ∇βφ+ f˜Jµm2φ2
]
. (4.4)
Interestingly, for the scalar field, the matter part can be completely removed from this
equation. We use Eq. (4.3) to write the equation in the form
F¯ IJαµf
α
I + F IJαµ (e¯αI + fαI )−
1
2
FKLαβ
[
e¯Jµe¯
α
K e¯
β
L + f˜
J
µ e¯
α
K e¯
β
L + 2e¯
J
µf
α
K e¯
β
L
]
= 0. (4.5)
Also, since the Lagrangian of scalar field does not contain the spin connection, variation
of the action with respect to the connection yields the torsion-free condition as in vacuum.
This enables us to express both the background spin connection and its perturbation in
terms of e and f . At the lowest order, the perturbation aIJµ turns out to be of first order in
f and is given by
aIJµ =
1
2
(
e¯αI e¯βJ − e¯βI e¯αJ) [∂µ (e¯Kβ f˜αK)+ ∂β (e¯Kµ f˜αK)− ∂α (e¯Kβ f˜µK)] . (4.6)
Hence F is also of first order in f at the lowest order. Thus neglecting higher order terms,
Eq. (4.5) can be rewritten as
F¯ IJαµf
α
I + F IJαµe¯αI −
1
2
FKLαβ e¯Jµe¯αK e¯βL = 0. (4.7)
B. Electromagnetic field
Next we consider the VEP equation with electromagnetic energy-momentum as source.
Let us denote the electromagnetic field strength as Fµν , then the Lagrangian of the field can
be written as −1
4
FµνF
µν . The energy-momentum tensor for this is
Tµν = FµαF
α
ν −
1
4
eIµeνIFαβF
αβ , (4.8)
which is traceless and independent of the connection components. Thus the variation with
respect to the connection again leads to the torsion-free condition as in the case of the scalar
field. We can then write Eq. (3.12) with the electromagnetic field as matter source,
F¯ IJαµf
α
I + F IJαµ e¯αI = 8piG
[
FµλFνρ
(
e¯λI e¯
νJf ρI + e¯ρI e¯
νJfλI
)− 1
4
f˜JµFαβF
αβ − FαβFασe¯Jµ e¯βKfσK
]
.
(4.9)
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Unlike for the scalar field, here we cannot eliminate the matter part. Thus the above
equation is the final form of the VEP equation under perturbation with electromagnetic
field as source.
C. Fermionic field
The action for a Dirac field ψ on a curved background is given by [45–47]
SF =
∫
|e|d4x
[
iψ¯γKe
µ
K
(
∂µ +
i
4
AIJµ σIJ
)
ψ −mψ¯ψ
]
, (4.10)
where σIJ =
i
2
[γI , γJ ] . The perturbation equation Eq. (3.12) can be written as
F¯ IJαµf
α
I −
1
2
F¯KLαβ
[
f˜Jµ e¯
α
K e¯
β
L + 2e¯
J
µf
α
K e¯
β
L
]
+ F IJαµ (e¯αI + fαI )
−1
2
FKLαβ
[
e¯Jµe¯
α
K e¯
β
L + f˜
J
µ e¯
α
K e¯
β
L + 2e¯
J
µf
α
K e¯
β
L
]
= 8piG
(
Tµνe
νJ − T¯µν e¯νJ
)
. (4.11)
The right-hand side of this equation works out to be
Tµνe
νJ − T¯µν e¯νJ =1
4
ψ¯γJaKLµ σKLψ +
1
4
e¯Jµe¯
ν
Kψ¯γ
KaLMν σLMψ
− e¯Jµf νK
(
iψ¯γK
(
∂ν +
i
4
(
A¯LMν + a
LM
ν
)
σLM
)
ψ
)
− e¯νK f˜Jµ
(
iψ¯γK
(
∂ν +
i
4
(
A¯LMν + a
LM
ν
)
σLM
)
ψ
)
+mf˜Jµ ψ¯ψ . (4.12)
Next we vary the action with respect to aIJµ . The resulting equation is
−eαK(∂µeKα )eµI eνJ − (∂µeµI )eνJ −eµI (∂µeνJ)−AKµIeµKeνJ +AKµIeµJeνK−piG ψ¯γKeνKσIJψ = 0 , (4.13)
where we have written the equation in terms of the total vierbein and an overall factor of
two has been eliminated. It is easy to show from this equation that the connection is not
torsion free. If we contract with eIρe
J
λ and then antisymmetrize in ρ, λ as in Eq. (2.18), we
get
δνλ
(
Γαρα − Γααρ
)
+ δνρ (Γ
α
αλ − Γαλα) +
(
Γνλρ − Γνρλ
)
= 2piG ψ¯γKeνKσIJe
I
λe
J
ρψ . (4.14)
Trace of this equation produces
Γαρα − Γααρ = −3ipiGψ¯γIeIρψ, (4.15)
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where we have used γKσIK = −3iγI . Using this in Eq. (4.14) we find
Γνλρ − Γνρλ = 2piG ψ¯γKeνKσIJeIλeJρψ + 3ipiGψ¯γI
(
δνλe
I
ρ − δνρeIλ
)
ψ . (4.16)
This equation implies that Γ is not torsion-free and the source of torsion is clearly the
fermionic field as the equation indicates. It is easy to see that this expression for torsion can
be written in the irreducible form as in [15, 16], with all the symmetries and trace identities.
If we have non-fermionic matter on a flat background, the VEP perturbation equations
can be identified with the linearized Einstein equations, as we will see in the next section.
V. FIERZ-PAULI EQUATION
Massive spin-2 fields obey the Fierz-Pauli equation [29]. In this section we will write the
Fierz-Pauli equation and the corresponding action in the VEP formalism. An action for
massive gravitons, from which the Fierz-Pauli equation may be derived, can be written as
S =
1
16piG
∫
d4x
[
−1
2
∂λhµν∂
λhµν + ∂µhνλ∂
νhµλ − ∂µhµν∂νh+ 1
2
∂λh∂
λh− 1
2
m2(hµνh
µν − h2)
]
,
(5.1)
We can obtain the Fierz-Pauli equation for massive gravity by varying hµν ,
hµν − ∂σ∂νhσµ − ∂σ∂µhσν + ηµν∂ρ∂σhρσ + ∂µ∂νh− ηµνh−m2(hµν − ηµνh) = 0 . (5.2)
Usually this equation is written on a flat background space-time, and more specifically, with
a background Minkowski metric, as we have done here. In order to get a theory of massive
VEP perturbations, we add the Fierz-Pauli mass term to the action in terms of the VEP
variables. Let us write the mass term for a background Minkowski metric as
− 1
2
m2(hµνh
µν − h2) = −m2 (e¯Jµe¯Iνf νJ fµI + e¯µI e¯Iνf νJ fµJ − 2e¯Iµe¯JνfµI f νJ ) , (5.3)
We note that this term depends only on the tetrad perturbations, not on the spin connection.
In the absence of matter, the connection is torsion-free, and thus F is of first order in f
at the lowest order. Therefore Eq. (3.12) reduces, at the lowest order in f , to
F IJαµe¯αI −
1
2
e¯JµFKLαβ e¯αK e¯βL = 0 (5.4)
in the absence of matter on a flat background, i.e. F¯ = 0 .We can derive this equation from
the action
Seff =
1
16piG
∫
|e|d4x
(
2F IJαµe¯αI fµJ − e¯JµfµJFKLαβ e¯αI e¯βL
)
. (5.5)
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The massive VEP action on a flat, matter-free background, is thus
S =
1
16piG
∫
|e|d4x
[
2F IJαµe¯αI fµJ − e¯JµfµJFKLαβ e¯αI e¯βL −m2
(
e¯Jµe¯
I
νf
ν
J f
µ
I + e¯µI e¯
I
νf
ν
J f
µJ − 2e¯Iµe¯JνfµI f νJ
)]
,
(5.6)
which leads to the massive VEP equation by varying f ,
F IJαµe¯αI −
1
2
e¯JµFKLαβ e¯αK e¯βL −m2
(
e¯Iµe¯
J
νf
ν
I + e¯µI e¯
I
νf
νJ − 2e¯Jµe¯Iνf νI
)
= 0 . (5.7)
As we have already mentioned, the Fierz-Pauli mass term is usually added to the linearized
equations for perturbations — on a flat background, with the Minkowski metric — without
any fermionic matter. In that case, the spin connection can be expressed as a function of
the tetrads, as we have seen. Thus we could as well derive the corresponding equations for
vierbein perturbations simply by replacing the metric and its perturbation in terms of those
of the tetrads.
However, the way we have written the Fierz-Pauli equation and action allows an easy
generalization to arbitrary curved backgrounds. We add the mass term on the right-hand
side of Eq. (5.3) to the generalized VEP action Eq. (3.9) to get
S =
1
16piG
∫
|e| d4x [F IJµν e¯µI e¯νJ + 2F IJµν e¯µI f νJ + F IJµν fµI f νJ
−m2 (e¯Jµe¯Iν f νJ fµI + e¯µI e¯Iνf νJ fµJ − 2e¯Iµe¯JνfµI f νJ )] . (5.8)
This is the VEP form of the Fierz-Pauli action in terms of a single set of tetrad fields, written
as background plus perturbation. Written in this form, the action is not restricted to a flat
background space-time, and we can add any type of matter source, including fermionic
matter, to this action.
While this paper was in circulation as a preprint, a couple of papers have appeared
regarding perturbations of bimetric gravity on an arbitrary background spacetime [49, 50].
Since these papers do not consider a vierbein formulation of the theory, their results cannot
be easily compared with ours. However, one expects that their results and ours can be
related by a careful comparison, which we leave for a future work.
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